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Analyticity in Hubbard Models
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The Hubbard model describes a lattice system of quantum particles with local
(on-site) interactions. Its free energy is analytic when g is small, or ft%/U is
small; here, § is the inverse temperature, U the on-site repulsion, and ¢ the
hopping coefficient. For more general models with Hamiltonian H=V+T
where V involves local terms only, the free energy is analytic when f || 7| is
small, irrespective of V. There exists a unique Gibbs state showing exponential
decay of spatial correlations. These properties are rigorously established in this

paper.

KEY WORDS: Hubbard model; local interactions; analyticity of free energy;
uniqueness of Gibbs states.

1. INTRODUCTION

Electrons in condensed matter feel an external periodic potential due to
the presence of atoms. A natural basis for the Hilbert space describing the
states of the electrons consists in Wannier states, that are indexed by the
sites of the lattice. The Hamiltonian for this Statistical Physics system can
be written in second quantization in terms of Wannier states, and with
some simplifications we obtain a lattice model [ Hub].

Forgetting the initial physical motivation, we can consider a lattice
model as if the particles were really moving on a lattice, and develop a
physical intuition in this case. It may help in understanding the behaviour
of the system.

The most famous lattice model for the description of quantum par-
ticles is the Hubbard model. It consists in a hopping term (discretized
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694 Ueltschi

Laplacian) representing the kinetic energy, and a Coulomb interaction
between the particles. This interaction is local, or on-site, meaning that it
is expressed in terms of creation and annihilation operators of a same site.
Many interesting properties of the Hubbard model have been rigorously
established, see [Lieb] for a review; however, the basic questions about
magnetism and superconductivity are still unsolved. The present paper
brings a modest contribution in the sense that interesting phenomena are
definitively excluded for some values of the thermodynamic parameters.

The general setting is as follows. We consider a class of models that
include the Hubbard one, with Hamiltonian

H*=V*+T"

The vector p represents a finite number of parameters, such as chemical
potential, magnetic field,... V*=>__,» V% is a sum of local operators, and
T =%,z T" is a finite-range or exponentially decaying quantum “inter-
action”. The free energy is shown to be analytic in p and f in the domain

B Y |ITY| e < const (1.1)

A>x

where c¢ is a constant depending on the lattice and on the dimension of the
local Hilbert space. What is quite surprising is that the domain does not
depend on the local interaction V. The reason is that when 7 is small with
respect to f3, the sites of the lattice are almost independent, and the (mean)
free energy is essentially that of a model with only one site. Such a zero-
dimensional system is free from phase transitions, hence its free energy is
analytic. High temperature expansions would yield comparable results;
however they do not only require the condition (1.1), but also f |V <
const.

Concerning the Hubbard model, it is not only true that we have
analyticity however strong is the repulsive potential; the latter favours this
phase, ie., the stronger the interactions, the larger the domain. This last
result holds at half filling, and if the ratio #/U is small enough. In fact, at
half filling the Hubbard model is unitarily equivalent to a series in powers
of t/U that starts with V" and the Heisenberg model [ KS, CSO, MGY ]:

t? 4
HHubbard ~ V4 E HHeisenberg +0 <w>

(a rigorous statement can be found in [ DFF]). Such a model enters our
class, with ||T|| ~ #2/U, hence the condition ft?/U < const.
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Another example is the Falicov—Kimball model [ GM ]; it is a Hubbard
model where only particles of a given spin have hopping, the others being
considered as heavy, static classical particles. The statements for the
Hubbard model are also valid in this case, and were proven by Kennedy
and Lieb [KL].

Section 2 contains precise definitions, statements and proofs for
general systems with on-site interactions. Section 3 is devoted to the Hubbard
model; domains of parameters where analyticity can be rigorously proven
are proposed with explicit bounds, in the case of the 3D square lattice.
Finally, the paper ends with a discussion of the Bose—Hubbard model, for
which partial results may be obtained.

2. MODELS WITH LOCAL INTERACTIONS

2.1. General Framework

Let us be more precise and introduce the mathematical framework.
Let L a v-dimensional lattice; for instance, L= Z", but any other periodic
lattice can be considered. We denote with A a finite subset of [, and the
thermodynamic limit lim, ., f, means lim,_, . f, with any sequence of
finite volumes (A4,,) such that 4, < 4,,,,, and lim,,_, . |04,|/|4,| =0, where
04, 1s the boundary of 4,. Let Q a finite set with || = S; we consider the
set of “classical configurations” Q4. The Hilbert space #; at finite volume
A is spanned by the classical configurations, i.c., each vector of J, is a
linear combination of vectors |n >, n,e Q4.

A quantum interaction T is a collection (7)., where T, is a self-
adjoint operator with support A. Its action is defined on each #,; with
A > A, and we have factorization properties

Cng| TyTy|n'yy =<ny| Ty|nyp<{ny| Ty |n'y) (2.1)

when 4 n A’ =¢J (a hopping matrix is an example of a “quantum inter-
action”). Let us introduce the connected cardinality || 4| of A <L as the
cardinality of the smallest connected set containing A, i.e.,

Al = min | B| (2.2)

B> A4, connected

notice that || 4] =|A4| when A4 is connected, and || 4| > |A4| when it is not.
We define the norm of an interactions to be

ITlle=sup [T, e" (2.3)

xel 4Asx
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where ¢ is a positive number. Here, | 7| is the operator norm of 7,. We
call V' a local interaction (or on-site interaction) if V,=0 for all |A4| =2;
local interactions are denoted by (V) instead of (V).

Let peR® be thermodynamic parameters. The finite volume
Hamiltonian HY depends on p and is given by

HYy= ) VE+ 2 TY% (24)

xed AcAa

We suppose here that both (V%) and (T%) are translation invariant,
although periodic interactions could be considered with only small
modifications. The free energy is given by the limit (whenever it exists)

1 1 "
S(Bw) = 5 Lim ] log Tr e~/ (2.5)

We write f, for the “classical free energy”

1 "
fo(Bm)=—7log ) <nJe P> |n.) (2.6)

ﬂ n.eQ
We notice that f; is also given by (2.5) with T*=0.

A Gibbs state is a functional that attributes to any bounded local
operator K the value

Tr K e ~#H4
K>=lm ———
K7 a1 Tre PHa

(2.7)
A Gibbs state is exponentially clustering if for any two local operators K
and K’ there exists Cg g < o0 (With Cg g =C, g LK for any translations
t,and ¢, x, yel) such that

y’
[KKK'> = (KK )| < Cg e MK (28)

for some finite constant &. Here, d(K, K') is the distance between supports
of K and K'.

2.2. Uniqueness of the Gibbs State

The Hamiltonians we consider possess many symmetries. For instance,
they have translation invariance by assumption; and typical models have
further conserved quantities, such as the total number of particles, or total
spin...
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Usually Gibbs states obtained with free boundary conditions (2.7), or
with periodic ones, have same symmetry properties than Hamiltonians. To
obtain pure states with symmetry breaking, there are mainly two ways: to
introduce boundary conditions, or to perturb the system.

In the quantum case, boundary conditions may be defined by means
of a suitable boundary interaction 8" =(04),.,, where operators 04 are
non zero only for subsets A that touch the boundary of A. The correspond-
ing Gibbs state is defined by the expression (2.7), with H, replaced by
Hy+%4ca 5?-

Ferromagnetic states are associated with operators of the form
(ny; —n,,) applied on the boundary of the volume, while for antiferro-
magnetism we would use (—1)(n,; —n,,). Of special importance are
boundary conditions that break conservation of the total number of par-
ticles. A state displaying superfluid behaviour should be sensitive to the
operator Y (e 1 + ¢%,) where the sum is over sites touching the bound-
ary. The order parameter for superfluidity is ¢ (creation operator of a par-
ticle at site 0) [ PO], and with above boundary conditions we may have
(cly?=ae" with a> 0, revealing the presence of superfluidity.

For a superconductor with Cooper pairs described by a Hubbard-like
model, relevant boundary conditions are of the form 3 (e™“cl,cf, +
¢c.; ¢, ) with the sum taken on sites of the boundary, close to each other.
This allows expectation values of the form <ch clT> to be non zero, and
this should be the indication of superconductivity [ Yang].

The second way to obtain states with less symmetry than the
Hamiltonian is to add a perturbation, that is then set to zero. As for super-
fluidity, a good perturbation to consider is hY .., (e 7cl +e'%,) (see,
e.g, [Hua]), and the question is whether lim,,_, , {(c}>%" differs from zero.

Here we shall speak of uniqueness of the Gibbs state if it is insensitive
to both boundary conditions and to external perturbations. In the range of
parameters we consider, systems are described by Gibbs states sharing the
two properties

e lim, ., (K >ZA does not depend on the boundary conditions 04,
provided ||| is small enough (independently of A);

o for all quantum perturbation P with exponential decay, |P|.< o
for a large enough ¢, and all local observable K,

Tr K e PHs+2Z4caPy)

(K> =1lim lim

a=0 AL Tre PHsraZ cqPy)

(2.9)

Notice that P is not necessarily translation invariant, it may even not
be periodic.
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Remark: the stability against perturbations can be given a simpler,
however more abstract definition. Let us consider 2, the Banach space of
interactions with finite norm (2.3), and % the space of Gibbs states
obtained with periodic boundary conditions; ¥ is a topological space with
the weak topology. Let g denote the corresponding mapping 2 — . It is
continuous at He 2 provided g~ !(G) is a neighbourhood of H if G is a
neighbourhood of g(H).

Then the stability of a Gibbs state with respect to perturbations
amounts to saying that g is continuous at H.

Indeed, we can see ab absurdo that (2.9) implies the continuity of g:
suppose G is a neighbourhood of g(H) such that g~'(G) is not a neigh-
bourhood of H; since 2 is a metric space, there exists a sequence (H,),
H,— H, with H,¢ g~ '(G); by (2.9), g(H,)— g(H), then g(H,)e G for n
sufficiently large, and therefore H,eg~!(G). Conversely, for any open set
G that contains g(H), g ~'(G) is a neighbourhood of H; then if H, — H, we
have H, e g~ !(G) for n sufficiently large, therefore g(H,) € G.

2.3. Result

In order to state the result, we let 2 be a constant that depends only
on the lattice, such that

#(A> x, connected, |4| =k) <2F (2.10)

A possible choice, probably not optimal, is 2 = (2v)? for the v-dimensional
square lattice. The Golden Ratio appears here, that we write ¢ =
(ﬁ +1)/2 following a standard convention.?

Theorem 2.1 (Analyticity in models with local interactions).
Assume that J'* and T" are smooth, i.e., that all matrix elements of V% and
T" are analytic in p for all x and all 4. Let c>cy=1log S+1log22+¢ +
2 log ¢. Then in the domain

BITH <1

(1) the free energy exists in the thermodynamic limit and is analytic
in f and p;
(i1) the Gibbs state converges weakly in the thermodynamic limit;
(i1) the Gibbs state is exponentially clustering with a correlation
length bounded by é=4(c—c¢,) L

31t is a pleasure to welcome here the Golden Ratio. Its presence is however fortuitous and
does not involve any of its special and beautiful properties.
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And the Gibbs state is unique, i.e.,

(iv) the Gibbs state is stable with respect to boundary conditions 0
with g || T* + 04| .< 1 for all 4;

(v) the Gibbs state is stable with respect to all external perturba-
tions P with | P||,.< oo.

Remark. The bound 4(c¢ —c¢,) ™! for the correlation length is rather
arbitrary and could certainly be improved.

The stability against boundary conditions should hold for any
bounded &4, not only small ones. However, such a statement is difficult to
prove in quantum systems, where we have to deal with negative or complex
numbers.

Proof of Theorem 2.1(i). The idea of the proof is to expand the
operator e ~##1 with Duhamel formula; it allows next to express the parti-
tion function as the one of a polymer model. After having shown that the
weights of polymers have exponential decay with respect to their size, the
analyticity of the free energy is a result of cluster expansions.

The Duhamel formula (very similar to the Trotter formula) yields

Tre PHi=Tre FEeaiyp ¥ (—1)" Y dt,---dt,,

m=1 Afy Ayed “0<T < <7, <f
X Tre aZeea AT o=t Eaca VE . TR o= (A=) Tucy VA
1 m
(2.11)

For given 4,,..., A,,, we construct the graph % of m vertices, with an
edge between i and j whenever 4, N 4; # J. Decomposing % into connected
subgraphs, it induces a partition of {4,...., 4,,} into / subsets (/ <m). We
let 4,..., o/, < Z” to be the unions of sets 4,,...,, 4,, for each partition. As
a result, to each sequence A4,,..., 4,, corresponds a unique set {.%4,..., .}
of subsets of Z”, such that

A=
{ i=1 Ul—l ) ) (212)
Aol = D 1f i#]
We call o4,..., o7, polymers and define their weight
plet)=ePBmwizl 3 (Y Y dey - dr,,

m=1 A A,y nye@ 0<T < <7, <f

X<nJJ| lexsﬂ xT" e (12 Tl)zxen{ x.. T" e —(B— Tm)zxesz/ x|n >
(2.13)
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The sum is over sets A4,,..., 4, satisfying two restrictions: (i) YL, 4;,= </,
(i) the graph ¥ defined above is connected. The partition function can
then be rewritten as

£
Tr e AHY — o —Fp(B.w) 14] Z H p(t;) (2.14)
{ Ao oy} j=1
Mir\&/jzg

We have now to bound p(.«7); first the matrix element:

[<nyl - ny,>| < |le” 1 Zxear Vs T e~ (=T e Vi . Tglme—(/f—rm)zxm Vil

< e M=t [T T, | (2.15)

j=1
Let e} be the lowest eigenvalue of V'%; since fy(f, p) <eb, we have

He_ﬁVzH =e—ﬂ83<e—ﬁfo(ﬂ,l’«) (216)

Furthermore || =S and the integral over “times” {7,} brings a factor
p7/m!; using o | <371, (4], we obtain

|p(,52/)| <SIMI e—cll Z ﬁ; Z l‘[ HTﬁjH e 14l

m=1 M- Afys Ay st j=1

1 m
< Sl g=ell 3 '<ﬂ /] sup ¥ || T% ] e |A|>
nm:

m=1 xe€eZ’ Asx

e (e—logS—1) || (2.17)

Results of cluster expansions are summarized in Proposition 2.2 below.
From this we obtain the following expression for the free energy

! Z ﬂ (2.18)

S(B ) = fol B, ”)_E e Tsupp €

It does not depend on x, because the Hamiltonian is translation invariant.
Since @*(C) is analytic in  and p, and the series converges uniformly, the
free energy f(f, p) is an analytic function by Vitali theorem. ||

Proposition 2.2 (Cluster expansions). Let us recall that we can
choose 2 = (2v)? for the v-dimensional square lattice and ¢ = (ﬁ +1)2is
the Golden Ratio.
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Assume that a function z#*: 2(L) — C is given and such that for all
Acl,

o 2P A)| <e "Ml with t>1,=1log 22+ ¢ — 1 +2log ¢;
e z2P(4) is analytic in 8, p.
Then there exists an analytic function @*: 2(#(L)) — C such that

k
log > [T :2%"4;) = > oT(C)
{ Ay A} j=1 C={4;,... A}
A-CA,Air\Aj=® A]-CA
Let supp C= o 4; @T(C)=0 if C is not a cluster, ie., if C=C,u C,
with supp C; n supp C, = &F. This function has exponential decay:

Y [@TO) et mIM<)—1
U]-Ajax

for all xe . Here, we set ||C|| =X 4cc 4]l

This proposition is an immediate corollary of Kotecky and Preiss
theorem on cluster expansions [KP] (see [Dob] for an elegant and
simpler proof). To make the link between our notation and theirs:

Here [KP]

% Y

22 K
(p—1) [14] alyl
(t—10) 4] d(y)

Our polymers are not necessarily connected; but we note that their
entropy satisfies

#(A>x, |A|| =k) <2%#(A>x, connected, |4| =k)
<(22)%

Hence the factor 2 in front of 2.

A useful consequence of this proposition is the existence of the ther-
modynamic limit of the free energy of a gas of polymers; if the weight z%*
is periodic with respect to lattice translations, then the limit

k

lim 1 log Y [T z%%4,)

1
fpn)=—7
p arzv |A| { Ay AR} Jj=1

exists and is analytic in £ and p.
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Proof of Theorem 2.1 (ii). Having the expansion (2.14) for the par-
tition function, the treatment of expectation values of local operators is
standard. The expectation value of K involves the quantity Tr Ke ~##%, that
we expand as before with Duhamel formula.

TrKe PHi=Tr Ke #Zxeca Vs
+Y =Y dr, - dr,,
m>1 Afys A=A “0<T < - <7, <f

I 7 zxs/l x Z " —(n— Tl)zst x . l “ —(f—< )zxeA x
xTr Ke (:‘ 8

We construct the graph ¥ of (m+1) vertices, for the sets
supp K, A44,..., 4,,, and we look for (/4 1) connected components. One of
these components contains supp K, and we denote it by .&Z; others are
denoted by .4,..., o/, as before. The weight of .o/ is modified by the
operator K; namely,

picstic) = e Hhlhow) 12 {TrKe—ﬁmem (-1 Yy ¥

m=1 Ay Ay 1oy €QVK

— r
XJ dfl"'drm<nMK|K€ 71 Zxearg Vi

0<7y<--- <7,<f
xT% ™) Taewg Vi T e~ =) Taca Vi |, >} (2.20)
The expectation value of K takes form
Ky=lm ——— Y s [Ial)  (221)

aru Z (B, n) { s Aty sos Ay} j=1

where the sum is over non intersecting sets .., .4 ,..., .Z,, £ > 0. The weight
px has also exponential decay:

|pK(<Q{K)| <K e€ supp K| o —(c —log §—1) |l Zkll (2.22)

From cluster expansions, we obtain an expression for (K ):

(Ky=1lim Y pgle)exp {— y @T(C)} (2.23)
4L E C,supp Cc A4
o/ x> supp K supp CN A # S

The limit exists, because the sums converge uniformly in the volume A. This
proves the weak convergence of the Gibbs state in the thermodynamic limit. [
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Proof of Theorem 2.1 (iii). Using cluster expansion, this is standard
stuff. Expanding the expectation value { KK') as before, we get

(KK'") = Z P xx(Axxr) €XP { - Z ¢T(C)}

Ay = supp KU supp K’ C, supp Cn Ay # S

+ Z P () p g Ag)
/x> supp K
/g >supp K’
Ay A=

X exp {— @T(C)} (2.24)

C,supp Cn [ AU A ]# D
The weights pg, px, pxx are given by (2.20) when substituting K with K,
K', KK’ respectively.

We define (KK')»"°™ to be as (2.24), but with sums only over
polymers and clusters of connected cardinality less than 3d(K, K') (we call
such polymers short, they are big otherwise). We denote {KK')PE=
<KK1> _ <KKr>sh0rt.

When the expectation values are restricted to short polymers and
clusters, correlation functions are zero:

<KKr>short: <K>short <K/>short (225)
Therefore
CKK'") =<K)<{K")
— <KK/>big_ <K>big <K/> _ <K>short <Kr>big (226)

Expectation values < - >%# involve sums over polymers of connected car-
dinality bigger than }d(K, K'), and this has exponential decay. There are
also terms

exp{— Y @T(C)}—exp{— Y CDT(C)}
C,supp Cn oA # & C,supp Cn oL # &
|supp C| <(1/4) d(K, K")

=exp { — Y d’T(C)}
C,supp Cnof # &
[supp C| <(1/4) d(K, K')

x{exp{— Y @T(C)}—l} (2.27)
C,supp Cnof # &
|supp C|>(1/4) d(K, K')
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We know from Proposition 2.2 that the sum over clusters has exponential
decay; more precisely, the quantity between brackets is bounded by
C(ot) e~ WD dE KN e—c) \where C(o/) depends on |o7| only.

Exponential clustering is now clear. ||

Proof of Theorem 2.1 (iv). The proof is rather standard, so we
content ourselves by outlining it.

Expanding Tr e ##i—#Z4-424 with Duhamel formula, we obtain an
expression very similar to (2.19). The difference is that operators 04 now
appear in the second line of (2.19). We define pg(.%) to be as in (2.20),
except that at least one boundary operator 04 shows up. Similarly, let
p(=/) be like (2.13) but with at least one 94; an important property of
these weights is that they are zero if the polymer does not touch the bound-
ary of A. As a result we get

CKYY'= Y (prlety) + prldy))

Ay =A
/x> supp K
xexp{— Y (¢T(C)+@T(C))} (2.28)
C,suppCc A4

supp Cn A # &

where ®@T(C) is such that [@T(C)+ ®T(C)] is the truncated function for
polymers with weights [ p(.7) + p(</)].

A few more developments lead to an expression for (K >‘21A that is
equal to (K ,, plus terms that connect supp K with the boundary of A,
and that decay exponentially quickly. In the thermodynamic limit, this
correction vanishes, and therefore for all 4

lim (K>3 '=<(K)> | (2.29)
AL

Proof of Theorem 2.1 (v). Once we have an expansion in terms of
clusters, the proof of stability with respect to external perturbations is
actually fairly simple.

First we note that if >,- (| g%| < oo uniformly in «, and g% — g, when
o« — 0, then
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Indeed, for any ¢ > 0 there exists m such that

N ™

Y (gnl+1g.h<

nzm

Furthermore, for all n there exists «, >0 such that |g%— g,| <é&/2m when
a < a,. Choosing & = min we have for all a <&

n<m n7

Y &= ) &n

n=0 n=0

<Y lgi—gal+ Y (gl +1g.)<e

n<m n=m

We add to the Hamiltonian a new quantum interaction P with
|P|l.< oo. Since |T*|.<1, there exists & >0 such that for all a <a,

|T* +aP|,<1 (2.30)

Retracing the steps above, we obtain

(Ky*= Y pile)exp { - X 43:(6)} (2.31)
/g o>supp K C, supp Cn g # &

where p%(.%) is obtained by replacing 7% with (T% +aP,) in (2.20);
similarly, @T is constructed with weights p* that we get by the same sub-
stitution in (2.13).

The weights p* and p% are absolutely convergent series in matrix
elements of {T%+aP,}, therefore p*— p and p%— px as a— 0. Hence
& - @7, and also

Y oI(C) > Y oT(C) (2.32)

C,supp Cn Ay # C,supp Cn Ay # S

Since the expression (2.31) for ( K)* is absolutely convergent, this implies
that <K>*—> (K)>. 1

3. THE HUBBARD MODEL

The phase space of the Hubbard model is the Fock space of antisym-
metric wave functions on 4 <. A convenient basis is the one in occupa-
tion numbers of position operators. It is given by {|n A>},,AEQA where

={0, 1, |,2}. The Hamiltonian is

Hy=—t Y clee+U) nagng—p Y (ng+n,) (3.1)
{x,y><=4 xed xed
age{l.l}
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where the first sum is over nearest neighbours x, ye A. The first term
represents the kinetic energy, the second one is the local repulsion between
electrons, and the last term is the chemical potential multiplying the total
number of electrons.

High temperature expansions yield analyticity of the free energy for all
S such that

Bt < const and pU < const

see Fig. 1; the domain of analyticity may be extended, as we see now. Let
x be the maximum coordination number of L (y =2v for v-dimensional
square lattice), and & = (2y2 e?¢?) L.

Theorem 3.1 (Analyticity in the Hubbard model). Let 4=
min(u, U— ). Thermodynamic limits of the free energy and of the Gibbs
state exist in the domain %, U %,, where

Dy={(B. t, ) : Pr<e}
and
Dy ={(B, t,) : 0<p < U and Br*/4 <2ye*(1 —2t/eA)}

The free energy is analytic, and the Gibbs state is exponentially
clustering and unique (that is, stable against boundary conditions 9,
|04]]. <1, and external perturbations P, |P||.< oo for a sufficiently big c).

Remark that the domain %, is meaningful only if ¢ is small enough,
namely ¢/4 <le. For the 3-dimensional square lattice, we find for &, the
condition Br<1.75..-107% and for %, pt*/4<3.68..-1077(1—1.14...-
10¢/4). Of course, the domain of analyticity is much larger than these
domains, where analyticity is proven to hold.

(a) (b) (c)

Fig. 1. Domains of analyticity, stemming from (a) high temperature expansions, (b) domain
2, of Theorem 3.1, and (c) domain %, of the same theorem.
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These properties likely hold for all f < co in dimension 1, and possibly
also in dimension 2. When v >3, a domain with antiferromagnetic phase is
expected for t << U and ft*>/U> const. Such a phase can be proven in the
asymmetric Hubbard model, where electrons of different spins are assumed
to have different hopping parameters [ KL, LM, MM, DFF] (see also
[DFFR] and [KU] for two general methods to study rigorously such
situations). Assuming this to be true in the standard Hubbard model, we
observe that the condition for the domain %, is qualitatively correct; this
is illustrated in Fig. 2.

Proof of Theorem 3.1, domain %,. The classical free energy of the
Hubbard model is easily computed and is given by

folBou)= —; log[ 1 + 2e + ¢ = FU+ 2] (3.2)

Let us write the kinetic operator —z Y, , Tx where A =({x, y>, o)
and the notation A = 4 means x, yed; T, =c! _c

xg - yo*

The expression (2.13) for p(.o7) takes the following form

p(%):e/ffb(ﬁsﬂ)\ﬁ'l Z m Z Z dT1"'dTm

m=1 A, A nc/EQ"/ O<ty< - <7, <p

x<{n e Siew Vi TA] e~ = Vi . TAm e~ B=m) Ty V& ln.,>
(3.3)

with a restriction on the sum over A,,..., A,,, namely their union yields .o/
and they are connected in the sense of the graph % described above. Notice

temperature

t

Fig. 2. Phase diagram of the Hubbard model. Antiferromagnetic phase is expected for
dimension v > 3; it can be proven when v >2 for the asymmetric model [ DFFR, KUT.
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that here p(.o7) =0 if &/ is not connected. The expression for pg(.o%) is
similar, compare with (2.20).

We obtain the domain %, of Theorem 3.1 by proceeding as before.
Namely, we bound the matrix element with e 701 < e =P 0 141 A few
observations allow to slightly optimize the bound for p(.o7). First, there are
no more than (y/2) |.«Z| sets of nearest neighbours in /. Second, if we
choose A,,.., A,, (such that they cover .o/), then there is at most one
configuration n_, such that {n | Ty --- T4 |n.» differs from 0.

Therefore we obtain the bound

t”l
Ip(t)] e DIy ﬂ < |ﬂ|> 4 glexDm

m=0

<e <l (34)
assuming that
yecTIpr<1 (3.5)

Here the polymers are connected sets; in this case, Proposition 2.2 holds
with 22 replaced by 2. Therefore the condition (3.5) must be fulfilled with
co=log2+¢—1+2log¢. When this inequality is strict, it also holds with
¢>c,, so that we obtain exponential clustering and stability against pertur-
bations or boundary interactions. |

Proof of Theorem 3.1, domain 2,. Domain %, benefits from the
following geometric representation (see Fig. 3 for intuition). First we let
n’=n,, then [n7~')= +Ts, n7> s Inl,> = T T4, n2,>, In%> =
Ty, In ! >. The last condition follows by cyclicity of the trace.

!

Fig. 3. Three loops.
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Next, if A; = ({x;, y;», ), we define horizontal bonds % = R x [0, ] pe;

B= ) x5, x {7}
j=1

where X;y; = R" is the segment joining x; and y,. We consider vertical
segments

S =) {xel:nfe{0,2}} x[1,,7,,,]
=0

where we set 7,=0, 7,,,;=/ and n°=n" Actually, & is a subset of
Lx [0, f]pe; but with a small abuse of notation, we consider ¥ = R" x
[O’ ﬂ]per'

The set 4 U ¥ decomposes into a finite number of closed circuits that
we call loops.* To be precise, a loop / is a pair (supp/, A(¢)) where
supp / = R"x [0, B] e is the support of 7, and A(/)=(A,,.., A,,,,) are
successive applications of operators Ty ..., TAm(z); here m(/) is the number
of horizontal segments (“jumps”) in / that we mark out 1,..., m in increasing
vertical coordinates, and 7, is the operator associated with the segment .

The weight p(.o7) can be written as an integral over sets of loops, with
many restrictions. In particular, each vertical line {x} X [0, f],e, X €.,
must intersect at least one loop. As a consequence, to a given set of loops
corresponds at most one sequence of configurations (n!,,..., n™).

. 1 k
Pt ) = ePBer) 11 o a1/ Z a jd/l...d/k &y 1) n z(¢;) (3.6)
k=1 j=1

where

el li)=<nyl ] Talny> (3.7)
A ey £F)
and

2(¢) = (0 o= lllg—(U=pn) |¢], (3.8)

Let us explain these notations. The configuration n_ is defined by
(41 £1); namely, if {x} x {0} esupp /,, we know that n, € {0, 2}; looking

4 This representation has many similarities with that of [MM], introduced for the Falicov—
Kimball model.
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at the first occurrence of an operator 7,, A3 x, we can check whether a
particle is created or annihilated at x, in which case n,, =0 or n, =2 respec-
tively. Similarly, if {x} x {0} ¢ U, supp /,, we have n e {1, | }; if the first
operator T, such that A > x creates an 1 electron, or annihilate a | electron,
we have n,= |; otherwise n,= 1.

The product is over all operators T’y that occur in the loops, ordered
in decreasing vertical coordinate of the corresponding horizontal segment.
Notice that ¢(-)e{ —1,0, 1}.

The vertical length of a loop is |/| = ||, + |/|,, where |/|; denotes the
length of all vertical segments where the configuration takes value j. We
bound

2(4) <O e =41 (3.9)

We have the following bound for p(.e7) (we use fo(f5, i) <u):

k
j df(1e°+ 1y g=4 1|

supp/ <./ x [0, ﬁ]per

1
—(c+1) || —_
pa] <emernn y ]
k=1

(3.10)

The integral over one loop with m jumps may be evaluated in the following
way.

1. We choose two nearest neighbour sites in .o/ (there are less than
x |.o7| possibilities), we integrate over a number 7 in [0, ], and we choose
a spin; we obtain the first jump of the loop.

2. We decide whether the loop is going up or down in the vertical
dimension, we integrate over the vertical distance, we choose a neighbour
of our site and a spin; integration over the vertical distance is bounded by

Jw dre"”zi

0

We repeat this procedure until the last jump but one.

3. For the last jump, we decide whether the vertical direction is up
or down, and we integrate over the distance, yielding a factor 1/4. Then the
loop completes itself in a unique way (provided there is a way); therefore
there are no sums over nearest neighbour and spin.

Since the first jump is arbitrary, we can divide by m the contribution of
loops with m jumps. Notice that the second step is superfluous when m = 2.
We obtain
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d/(tec+l)m e—A ||
m=2 supp/cdx[o,ﬂ]pe,
m(f)=m

1 1 m=2 1
< — (tec ™! oA 2|2 —y2 2 —
P S LS 2 N

1

_ 3.11
1 —4yec+t/4 ( )

2
< |&{| ﬁjtzxe2(c+l)

From the conditions #/4 < (1/4y)e=“*D and Bt*/4 < (1/2y) e 2T D(1 —
4yect1t/4), we finally have

Ip(2)| Se”eF DIy
k=1

A L\ e <emeto (3.12)

with c=log2+ ¢ —1+2log ¢. Since the weights of polymers are analytic
functions of f, u, so is the free energy in the thermodynamic limit.

Existence and properties of the Gibbs state are readily obtained by
repeating the proofs of Section 2, using above estimates. ||

4. THE BOSE-HUBBARD MODEL

The Bose-Hubbard model describes a lattice system of interacting
bosons. In a finite volume 4 < L, the phase space is the Hilbert space with
basis {|n,) : n,eN*}; the Hamiltonian consists in a kinetic operator and
a local repulsive interaction:

H,=t Y QAU Y (R2—h)—pu Y A, (4.1)

Kx,y>=4 xed xed

The first term is a standard hopping operator between nearest-neighbours;
the second term describes the local repulsion between bosons (each pair of
particles at a given site contributes for 2U); the chemical potential u e R
controls the density of the system.

It has been introduced in [ FWGF] and despite its simplicity, it has
very interesting phase diagram, see Fig.4. A phase transition insulator-
superfluid is expected when the hopping coefficient increases. Of course one
would like to have mathematical statements to support this, but the super-
fluid phase of interacting particles is hard to study.® On the other hand,

>The best rigorous statements concern the hard-core Bose-Hubbard model, where off-
diagonal long-range order can be proven using reflection positivity for special value of u
[ DLS]; this constitutes a beautiful result, although it does not allow to study pure states.
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6U

U

2U

0 t

Fig. 4. Zero temperature phase diagram for the Bose—Hubbard model. Lobes are incom-
pressible phases with integer densities.

one can tame the insulating phase much more easily. When ¢/U is small,
and 2U(k — 1) <u < 2Uk, it is possible to show that the Gibbs state exists
at low temperature and (1/Z) e ~## is close to the projector onto the con-
figuration n,=k for all xel; moreover, the density of the (quantum)
ground state is not only close, but equal to k¥ [ BKU].

We show here that these phases can be reached from the high tem-
peratures without phase transition (Fig.5). Theorem 2.1 does not apply
here, because the single site phase space Q is infinite. Actually, boson
systems and unbounded spin systems present some difficulties at high tem-
peratures, since partition functions diverge at f=0. Results for small
have been obtained in [ PY]. We can prove analyticity of the free energy
and existence of Gibbs state when f¢ is small, but we are unable to show
stability against perturbations, or against boundary interactions, that do
not conserve the total number of particles (see discussion in Section 2.2).

@l

uniqueness

0

Fig. 5. Analyticity of the free energy and existence of the Gibbs state can be proven on the
left of the grey frontier.
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Because the phase space has infinite dimensions we need to define the
Gibbs state as a functional over possibly unbounded operators, as for
instance ¢!, or number operators; but not all operators can be considered.
In order to define a suitable class of local operators, let N, be the number
operator in A with minimum eigenvalue 1, i.e.,

|n > if n,=0 forall xed

(Xreals) [na> otherwise (4.2)

]~VA ln4» ={

this operator has an inverse which is defined everywhere. Defining the
boson norm of a local operator K by

K% = sup  [<n| NopZe K N2 n') | (4.3)

o oD K supp K supp K
n,n e

we consider the class #” of local operators with finite boson norm. It is not
hard to check that HN{xl/2 Te, NoA <1, and thus cle, e .

Theorem 4.1 (Analyticity in the Bose-Hubbard model). There
exists a function ¢( U, u) > 0 such that for all § with fr<e,

o the free energy f(f,u) exists in the thermodynamic limit and is
analytic in f and y;

o the Gibbs state <-) : # — C, with free or periodic boundary condi-
tions, converges weakly in the thermodynamic limit and is exponen-
tially clustering.

Remark. Adding a hard-core condition on the model, e.g., by limit-
ing the number of bosons at a given site to M < oo, Theorem 4.1 becomes
a consequence of Theorem 2.1 (with moreover uniqueness, and absence of
superfluidity). Actually, we expect Theorem 2.1 to hold when T has finite
boson interaction norm | T |5°%"

| T2 = sup 3 (|N V2T, N2 e (44)

xel 4Asx

However, we are unable to handle such a general situation; the Bose-
Hubbard model conserves the total number of particles, and this property
plays a crucial technical role.

The present result, together with [ BKU], shows that the free energy
is analytic in a domain that includes low and high temperatures, corre-
sponding to insulating phase; see Fig. 5.
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Proof of Theorem 4.1. Expanding Tr K e %1, we obtain (2.20) and
(2.21). We show now exponential decay for p (.2 ); similar (and simpler)
considerations lead to exponential decay for p(.o/). Analyticity of the free
energy and existence of Gibbs state are then consequences of Proposition 2.2
for cluster expansion.

The condition (J7_, 4; U supp K = o/ implies

|| < |supp K| +m (4.5)
(recall that [4;| =2 for all 1 < j<m). Then
| p ()| < e 1kl pe1supp Kl o By (510 x|

X Z Mecm

m=0 X5 Y1Dsees s Y

dcy---dr,,

> ety J0<r]< e <T,<p

-3 vE ot —(t,—1) Y vk
)(Z <nMK|Ke 1 “xedyg xCXICylg 2 1 xedg " x

o

v ¢ e~ B—7m) Tecay Vi 7., (4.6)

For given |n_ >, let n', ..., n™ e N« such that
g Ay Ay Ay

> ~cl e, I

—1 N s
|nr;}k > ~Clm_|6ym_1 |nzl/k>

1 ., 2
|n,_z¢K> ~ CII (’yl |n'5‘¢l(>
Then the matrix element in the above equation takes form
1 1
<ndK| K |n£¢K> e~ Sreag <n(p{K| Vi |nﬂK> <n;K| Cll cyl |n2&¢K>

'y | cl ¢, ngy > e P Bxcay gl Valraed
m m

m+1 . .
<|K|*’°S"“<1+ ) nx> [T e 50 Zaeay gl Vb

xedyg j=1
x [] (nj;jfl + n;';“ 1 (4.7)

j=1
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in the last line we set 70=0, 7,,,,=p and nm“—nd . We used the
K
inequality <n’| ¢T ¢y [n) <n,+n,. Now

m+1 . . m+1 . .
[] e~ 50 Srear el el <Y 0P Exea Sl V> (48)
j=1 j=1

The sum over n,_can be replaced by a sum over n’ = since this last bound
does not depend any more on n'y . i# j, we can sum over {x;, y;) <</,

and since >, o n' = Dxcay n’ for all 7, the last product of (4.7) is bounded
by

m . i m
I1 > (n;;“1+n’y:“1)<<;{ > nx> (4.9)
i=1 (xl-,yl)c.MK xelg

Collecting these estimates, we get

|pK(%K)| <e—c|&¢K| ”KHboson eclsuppKl eﬂfo(ﬂ,,u) |k |

m m+1
x Y (m+l)t"’e“’"/’il')(’”z<l+ > nx>

m=0 ° Mo xelyg

X @ "B Zxeay el Vi Ity (4.10)

When ft is small, we have (ftey)" < (\/Ptey)™+1; therefore

5 {5, ]

m=0 xe Ay

<exp {\//W<1+ Y n >} (4.11)

xelg

We obtain finally

—c || HKHboson eclsuppKl

lpx(g)l <e

o x|
X{eﬁfo(ﬂ,u) Y on Ve g pLUn = - /m]} * (4.12)
n=0

The sum over n is absolutely convergent, so that the quantity between
brackets converge to 1 when Sz — 0. Having chosen ¢ sufficiently large to
ensure validity of cluster expansion, we see that p, decays exponentially
when ft is small enough. |I
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